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Abstract. The convolutional perfectly matched layer (CPML) is currently, perhaps, the 
most efficient type of absorbing boundary condition in finite difference time domain 
method (FDTD) modeling of electromagnetic fields. The aim of this paper is to give a 
more detailed insight into parameter setting and absorption performance of CPML. In 
case of electromagnetic waves absorption for high-frequency impulsive source modeling, 
a proper choice of the CPML parameters is substantial. The numerical results show that 
stretching coefficient affects both absorption efficiency and dispersion. We demonstrate 
that, in order to eliminate dispersion, the stretching coefficient should be as small as 
possible. Additionally, the results have shown that a differentiated Gaussian pulse is a 
better choice than a regular Gaussian pulse in FDTD simulations.  
Keywords: finite difference time domain, FDTD, perfectly matched layer, PML, 
convolutional PML, CPML parameters 
1. INTRODUCTION 
One of the most popular numerical methods in computational electromagnetics (CEM) 
is finite difference time domain (FDTD) method. FDTD method is commonly used for 
simulation of electromagnetic wave propagation and interaction with complex and largely 
inhomogeneous structures. FDTD computer simulations are often used to simulate 
electromagnetic field propagation of antenna radiation, to calculate radar cross-section, 
and in microwave and photonics design.   
Absorbing boundary conditions (ABC) are implemented at the computational domain 
boundaries in order to simulate infinite space in FDTD simulations. The perfectly matched 
layer (PML) [1] is one of the most efficient ABCs. PMLs are used in the absorption of 
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electromagnetic waves of arbitrary polarization, the angle of incidence and frequency. It is 
based on non-physical field splitting of Maxwell’s equations and it is applicable in 
homogeneous, inhomogeneous, linear, nonlinear, dispersive and anisotropic domains. Uniaxial 
PML (UPML) [2] has the same efficiency as the split-field PML [3,4]. Stretched coordinate 
(SC) formulation of Maxwell’s equation extended the use of the PML into other orthogonal 
coordinate systems [5, 6] and into general curvilinear coordinate systems [7,8]. The usage of 
complex frequency shifted (CFS) tensor coefficients for PML parameters in [9, 10] gained the 
causality of PML. Very effective implementation of PML based on SC, CFS and recursive 
convolution technique [11] is derived in [12]. Convolutional PML (CPML) [12] is entirely 
independent of the host medium and without the need of any modifications when applied in 
inhomogeneous, lossless, lossy, dispersive, nonlinear and anisotropic media. Improved CPMLs 
are recently derived in [13, 14]. Although numerous papers show that CPML is efficient, there 
is a space for improvement in the case of specific electromagnetic problems. Researches based 
on the dominant absorption frequency are very common [14,15], however, research regarding 
optimization of parameter setting has just begun [16].   
FDTD method recognizes, in general, different types of electromagnetic sources. Source 
selection is based on multiple factors: FDTD domain dimension (1D, 2D, 3D space), 
geometry of computational domain (waveguide, optical fiber, etc.), physical structure of 
computational domain (free space, half-space, etc.). The most common is the use of pulse 
sources with Gaussian and sinusoidal base function. Pulse sources of electromagnetic field 
are characterized with propagation in all directions of computational domain and generation 
of a wide range of frequencies. Numerous practical electromagnetic problems can be solved 
by using electromagnetic wave propagation generated from an impulse source. 
In our recent paper [17], the advantages of CPML over UPML are investigated. We 
demonstrated that CPML is a better choice in terms of implementation in FDTD method, 
electromagnetic wave absorption and the use of computer resources. 
In this paper, we focus mainly on improvement of CPML electromagnetic wave 
absorption using optimisation of CPML parameters. Influence of different CPML parameter 
settings on the absorption of electromagnetic waves in high-frequency impulsive source 
modeling is investigated with an extensive number of numerical experiments. Firstly, the use 
of two different pulse sources in FDTD method is examined and proposal about the choice 
of the source is given. Subsequently, a 3D FDTD simulation of a differentiated Gaussian 
pulse propagating in free space is used for absorption comparison of five different parameter 
settings. In addition, relative error for electric field is calculated for all PML types. 
Comparison of sources utilization in FDTD, namely of a differentiated Gaussian pulse 
and a regular Gaussian pulse is given in Section 2. The numerical results clearly indicate the 
advantage of the differentiated Gaussian pulse. The basic theory and implementation of 
CPML in FDTD method is shown in Section 3. The numerical results and discussion 
presented in Section 4 suggest the criteria for the optimal CPML parameter setting strategy. 
2. IMPULSIVE SOURCES 
FDTD method allows modeling of the various electromagnetic propagation problems 
where the broad range of frequencies is included, by using just a single simulation. Therefore, 
it is generally suitable to use impulsive sources which can introduce a wide spectrum of 
frequencies rather than harmonic sources. The Gaussian pulse is a potentially convenient 
source and it is often used in this method. In time domain the Gaussian pulse is expressed as: 
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where t is time, d is a time delay and w is half-width of the Gaussian pulse. Besides its 
advantages, the Gaussian pulse contains DC (direct current) components, unwanted in 
FDTD modeling. Numerical reflections and unphysical fields are visible in the computational 
domain with sources containing DC components [18]. The shape of the Gaussian pulse in 
time and frequency domain, with d=0 and w=10, is presented in Fig 1. 
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Fig. 1. Gaussian pulse in: a) time domain; b) frequency domain 
Besides the original Gaussian pulse, its first derivative in time: 
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is commonly used in FDTD simulations, because it does not contain a DC component 
[19]. The time and frequency domain representation of the differentiated Gaussian pulse, 
with the same parameters as a regular Gaussian pulse, is shown in Fig. 2.  
       
       a)                         b)  
Fig. 2. Differentiated Gaussian pulse in: a) time domain; b) frequency domain 
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In Fig. 3. the Ex field distribution of a Gaussian pulse and of a differentiated Gaussian 
pulse propagating in free space is presented. The computational domain’s dimension is 
100x80x100 space cells and electric field is presented in xy plane at 50
th
 time-step. In Fig. 
3(a), it can be clearly seen that the Gaussian pulse has an artificial DC component located 
at the center of the computational domain of the FDTD grid. These components are 
unphysical fields contributing to inaccurate analysis of numerical data. Otherwise, in Fig 
3(b), in the differentiated Gaussian pulse simulation, there is no DC component in the 
center of the grid. Therefore, the use of a differentiated Gaussian pulse in the 
electromagnetic modeling of pulse sources in FDTD method is suggested. In all numerical 
experiments in this paper a differentiated Gaussian pulse is used as a source. 
    
        a)                           b) 
Fig. 3. Ex field distribution of: a) Gaussian pulse; b) differentiated Gaussian pulse 
3. CPML IMPLEMENTATION IN FDTD 
Theoretically, all PML absorbing boundary conditions are based on an SC formulation 
of Maxwell’s equation, with the main purpose of absorbing electromagnetic waves. 
CPML [12] is derived on the basis of the well-established Berenger’s split-field PML [1] 
and unsplit form proposed in [2] (called UPML). CPML is based on complex frequency 
shifting (CFS) [9]. More precisely, the pole shifting of su (SC) into the upper–half of 
complex plane enabled mapping of Maxwell’s equation into complex coordinate space 
with the PML parameters described as [9]: 
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where k1 is stretching coefficient, 0 is medium conductivity, 0 is 
complex frequency shift parameter and ε0 is permittivity.  
Stretched coordinates in the complex form of Ampere’s law in free space are: 
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and after time domain conversion: 
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where “*” represents convolution as a consequence of frequency dependence of SC 
metrics and us is the inverse Laplace transform of su
-1
.  
The Fourier transform of us  is required, in order to derive CPML in time domain, 
hence: 
 001
2
0
0
1 ( ) ( )
( ) ( ) ( )
u u
uku
u
u u uu
u
u
t t
s t F e h t t
k kk
k
j
 
 

 
 
 
  
 
  
 
 
     
 
  
 (6) 
where δ(t) is the unit impulse function, and h(t) is the unit step function.  
Implementing transformed us (6) in (3) yields convolution pairs on the right-hand side 
of the equation. The use of recursive convolution (RC) [11] technique avoids the usage of 
a huge amount of computer resources during the implementation in time domain. The 
discrete impulse response of convolution pairs and recursive convolution relation gives 
the expression: 
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In (8) coefficients are nonzero only in the PML region and computed with parameters 
σu, αu and ku (n=i,j,k; u=x,y,z). By implementing this form of Ψu,v(n) good efficiency of 
time marching in the FDTD algorithm is achieved. Hence, FDTD time and space 
discretization of Ampere’s law with CPML yields explicit update of
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In (9) ΨEx,y, ΨEx,z are PML coefficients which are defined only in the PML region. Similar 
expressions are derived for five remaining field components (Ey, Ez, Hx, Hy and Hz ) for 3D 
FDTD domain, with the adequate replacement of (i,j,k) and (x,y,z). 
Neither a split-field PML nor an SC PML represent a physical medium. It has been 
shown that PML and UPML have the same reflection properties [3, 4] causing large 
reflections at low frequencies [4-6].  
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The efficiency of CPML is mainly dependent on the proper choice of parameters. These 
pivotal parameters in all PML absorbing boundary conditions are summarized in Table 1.  
Table 1 Key parameters affecting PML absorption 
Parameters synthesis Meaning Effect in PML 
k stretching coefficient warping the space in order to attenuate 
the EM energy 
 conductivity transform EM energy into heat energy 
 complex frequency shift 
parameter 
determine the characteristic absorption 
frequency, suppress dispersion 
The parameters from Table 1. can be spatially graded in different ways, but the most 
successful two are polynomial and geometric grading. In this paper, the polynomial 
grading is used. PML parameters are scaled as follows [12]: 
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where n is the PML loss depth, m is the PML thickness, r is exponential power and ra is 
the scaling order. Conductivity σu is scaled to be 0 at the inner most PML layer (n=0) and 
σu,max at the PML outer boundary (n=m). The stretching coefficient ku is 1 at the inner 
surface of PML and ku,max at the outer most layer of PML. The complex frequency shift 
parameter αu has a maximum at the inner most layer of PML, thereby decreasing the 
reflection error of evanescent modes. Inside the PML, αu is decreased to a minimum in 
order to decay low frequencies of the wave propagating [12].  
The CPML efficiency is strongly dependent on the proper setting of the CPML 
parameters. If σu,max is too small, reflections from the outer CPML layers are dominant, 
while for large σu,max induction fields on the inner most layers is inevitable [10]. An 
optimal relation for general media of polynomial graded σu,max is proposed in [12]: 
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where Z0 is the impedance of free space, Δu is spatial step in u=x,y,z direction, εr,eff and 
μr,eff  are effective relative permittivity and permeability, respectively. 
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In practice, implementation of CPML is simpler and more storage-efficient algorithm 
than PML and UPML [17]. Quite simple implementation of UPML in the existing FDTD 
codes, comes with the cost of doubling memory requirements through the entire FDTD 
domain. Complexity of programming is increased by the usage of triple-nested loops for 
the fields inside the computational domain, and with individual loops in UPML. Stored 
only in PML region of the FDTD algorithm, CPML variables are resulting in a better 
memory efficiency than UPML. Moreover, implementation of CPML remains the same in 
the case of lossy, dispersive, homogeneous and inhomogeneous mediums. Two additional 
variables per field component in all those mediums are required in the case of UPML [17]. 
4. NUMERICAL RESULTS AND DISCUSSIONS 
A 3D FDTD simulation of electromagnetic wave propagation in free space with a 
differentiated Gaussian pulse as a source is used to analyze the CPML absorption efficiency. 
A relative error is calculated comparing absorption for different PMLs with different 
parameter settings.  
The explicit FDTD algorithm is used and calculated by using the original C++ codes. 
The numerical results of the electromagnetic field and relative error graphs are plotted 
with the command-line driven Gnuplot graphing utility. 
Dispersion analysis of PMLs with high-frequency impulsive source simulation 
Numerous numerical experiments using the CPML algorithm in simulation of free 
space with high-frequency pulses are carried out and results are given in this section. A 
set of CPML parameters is taken from [12], and CPML-A and CPML-B serve to 
investigate the influence of k and  in the absorption of high-frequency electromagnetic 
waves generated from the pulse source.  
The basic frequency of a differentiated Gaussian pulse is fbasicϵ(0,3/w), where w is the 
base width of the Gaussian pulse [16]. The pulse energy has maximum for frequency f=0 
and minimum for f=3/w. For the FDTD electromagnetic field simulations in this section, 
we set the pulse width w=30 ps, resulting in the frequency range of fbasicϵ(0,100) GHz. 
The propagation of a differentiated Gaussian pulse in free space in the 3D FDTD 
domain is simulated in 150x150x150 space lattice, with 1-mm-square cells and time-step 
of dt=1.906575 ps (0.99 times of CFL limit). The duration of the simulation is 600 time-
steps (1.143945 ns). The high frequency differentiated Gaussian pulse (2) is placed in the 
centre of the computational domain with w=30 ps and d=4w. For comparison purposes, 
the 3D FDTD domain is terminated with 10-cell thick different PML-s: PML, UPML, 
CPML, CPML-A and CPML-B. The set of PML parameters used in the numerical 
experiments is listed in Table 2.  
Given that all parameter settings share the same computational domain (free space), 
conductivity (max), r = 3 and ra = 1 [12], the reflected electromagnetic waves from the 
outer layers of PMLs will increase exponentially, but conductivity will suppress them 
equally. 
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Table 2. Set of parameters for different types of PMLs 
Type of PML kmax max max 
PML 1 0.75opt / 
UPML 10 0.75opt / 
CPML 20 0.75opt 0.2 
CPML-A 5 0.75opt 9 x 10
-4 
CPML-B 1 0.75opt 3 x 10
-4 
Fig. 4 displays snapshot aggregations of Ez (the z component in the electric field of 
differentiated Gaussian pulse) combining 5 groups of parameter settings and 3 moments. 
The xy plane of the snapshots is perpendicular to the z coordinate in a free space. The color 
bar indicates the values of Ez. The parameter settings for PML in Fig. 4 (a1-a3) are: kmax =1,  
max = 0.75opt; the parameter settings for UPML in Fig. 4 (b1-b3) are: kmax =10,  max = 
0.75opt; the parameter settings for CPML in Fig. 4 (c1-c3) are: kmax =20,  max = 0.75opt, max 
= 0.2; the parameter settings for CPML-A in Fig. 4 (d1-d3) are: kmax =5,  max = 0.75opt, max 
=9 x 10
-4; the parameter settings for CPML-B in Fig. 4 (e1-e3) are: kmax =1,  max = 0.75opt, 
max =3 x 10
-4. The parameter settings of PML and UPML show the absorption effect of high-
frequency pulse with different kmax and without influence of max. The parameter settings of 
CPML, CPML-A and CPML-B show absorption for different kmax and max.  
Figure 4 (a1-e1) presents the moment in time (200
th 
time-step) when pulse is 
propagated and electromagnetic waves just began to interact with the inner layers of 
PML. No reflection can be spotted in Fig. 4. (a1-e1), however some differences in 
absorption for different PMLs can be observed. For example, by comparing field plots in 
(a1) and (b1) in Fig. 4, it is clear that the waves are closer to the outer layers in (a1), 
which indicates that the propagation velocity is slower in (b1). Moreover, in (b1), the 
waves are absorbed before reaching the outer layers, but there is some reflection from the 
inside layers. Comparing (c1-e1) in Fig. 4, it can be seen that in (c1), the waves did not 
reach the outer layers also and small reflection began to rise. For (d1) and (e1), the waves 
are linearly absorbed without reaching the outer layers. Considering that in (b1) (UPML) 
and (c1) (CPML) parameter kmax is 10 and 20, respectfully, it is reasonable to conclude 
that increasing kmax will decrease the propagation velocity of the electromagnetic wave.  
In the next time-step (230
th
) shown in Fig. 4 (a2-e2), all the wave fronts reached the 
outer layers. Hence, different absorption of the wave fronts can now be noticed. In Fig. 4 
(a2-b2), the waveform is slightly distorted, following the significant amount of dispersion. 
The smaller dispersion can be seen in Fig. 4 (c2). Moreover, the waves are absorbed by 
the CPML-A and CPML-B for the most part, in Fig. 4 (d2-e2). Since the parameter max 
is not defined in PML and UPML, and in CPML max equals 0.2, it is clear that existence 
of max considerably affects the absorption of electromagnetic waves. Considering that 
max and kmax are much smaller in CPML-A and CPML-B than in CPML, the reasonable 
conclusion is that the absorption in PMLs is not only dependent on the values of the 
parameter as much as of its ratio.  
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Fig. 4 Snapshots of absorption effects for different types of PML. Ez field 
component distribution in xy plane. With all other parameter remain 
constant, the parameter settings of (a1) to (a3) is PML; (b1) to (b3) is 
UPML; (c1) to (c3) is CPML; (d1) to (d3) is CPML-A; (e1) to (e3) is 
CPML-B. The time of (a1) to (e1) is 200
th
 time-step; (a2) to (e2) is 230
th
 
time-step; (a3) to (e3) is 300
th 
time-step. 
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Fig 4. (a3-e3) presents the dispersion for different PML parameter settings at 300
th
 
time-step of the simulation. When we compare Fig. 4 (a3), (b3) and (c3), we can see that 
the absorption is poor in Fig. 4 (a3) and (b3). The results from (c3) and parameter settings 
of PML, UPML and CPML, lead to conclusion that the influence of the parameter max 
has a significant contribution in absorption as it had in the previous time-step. On the 
other side, in Fig. 4 (d3) and (e3), there is a very low dispersion even though the parameter 
max is much smaller than in (c3). Therefore, the dispersion is positively correlated with the 
increase of the parameter kmax and the absorption has to be precisely controlled with the 
choice of the parameter max. Although kmax is bigger in (d3) than in (e3), there is a better 
absorption in (d3). That is because the parameter max is bigger in (d3) than in (e3), 
therefore, larger max enables CPML to possess a higher absorption capability. From Fig. 4 
(d3) it is clear that larger kmax makes the electromagnetic waves velocity lower, so that max 
dominantly affects the absorption from artificial PML boundaries.  
The relative error is calculated for electric field E at point B, in order to examine 
absorption characteristics with different PML parameter settings, as shown in Fig. 5. The 
test domain with 40 x 40 x 40 cell grid and the reference domain with 400 x 400 x 400 
cell grid are used for relative error calculation, defined as: 
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In (19), E│ni, j, k
  
is the electric field at probe point and time-step n in the test domain, Eref │
n
i, 
j, k
  
is the electric field at probe point and time-step n in the reference domain and Eref max│
n
i, j, k
  
is 
the maximum amplitude of the reference field at probe point over the time-stepping range of 
interest. The reference domain is kept sufficiently large to avoid reflection from the walls of 
FDTD domain during 1000 time-steps of interest. The same source function as for 
differentiated Gaussian pulse propagation in free space is used, with w = 30 ps, d = 4w, in test 
and reference domain. An identical source location (centered in FDTD grid) is used for both 
domains and probe points are at the same position relative to the source. Point B (38,20,38) in 
test domain correspond to point B (218,200,218) in the reference domain. 
 
Fig. 5 Test and reference FDTD domain illustration used for calculation of relative error 
The relative error for calculated all three E field components at point B in the case of 
10-cell thick PMLs is shown in Fig. 6. Parameter settings for PML, UPML, CPML, 
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CPML-A and CPML-B are from Table 2. The early time error peaks, due to discretization 
error, can be observed in Fig. 6, which slowly decay after the time-stepping increase. 
Comparing the PML and UPML graphs it is noticeable that UPML provides some error 
reduction, as the consequence of the parameter kmax increasing. The CPML graph shows 
fine absorption of electromagnetic waves in comparison with PML and UPML. Although 
the absorption is much better in CPML, the late time dispersion (from 760
th
 to 920
th
 time-
step) is a consequence of reflected waves induced by the increased kmax.  
 
Fig. 6. Relative error for 10 cell-thick different types of PML changing over time. 
In Fig. 6, CPML-A and CPML-B graphs show the same error due to almost the same 
parameter settings. Error reduction is significantly higher in comparison with PML, 
UPML and CPML graphs. There is no late time dispersion as well. Considering the 
results from Fig. 4 (d3-e3) and graphs from Fig. 6, it is clear that the optimal parameter 
settings should be in range of the CPML-A and CPML-B parameters.  
Overall, the choice of kmax is decisive for both the absorption efficiency and 
dispersion, because of the evident positive dependence between them. When the FDTD 
method is used for modelling electromagnetic wave propagations in the presence of high 
frequency electromagnetic source, the inevitable skin-effect cannot be neglected. In such 
cases, setting the absorption efficiency of the CPML to depend more on σ and max and 
adjusting kmax sufficiently small will result in a negligibledispersion. 
5. CONCLUSION 
Five different CPML parameter settings are used in the high-frequency impulsive 
source FDTD simulation in order to improve the absorption mechanisms of CPML. We 
simulated free space propagation of a differentiated Gaussian pulse in the 3D FDTD 
computational domain. The calculated absorption led us to an optimal CPML parameter 
setting in our research. The results indicate that the larger values of the stretching coefficient 
will increase both the absorption and dispersion. However, for complete suppression of 
dispersion, the stretching coefficient should be kept equal to 1. Therefore, the absorption 
should be controlled with the complex frequency shift parameter and conductivity.  
240 B. GVOZDIĆ, D. ĐURĐEVIĆ, N. RAIĈEVIĆ 
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